The paper supplies numerical information on coherent effects of bremsstrahlung and electron pair production in diamond crystals in the energy range from 1 to 40 GeV. The information is collected in a number of graphs and tables showing the intensity and polarization of bremsstrahlung and the cross section and asymmetry ratio for pair production as a function of crystal orientation. The basic formulas for the interpretation of the diagrams are given. The experimental problem of a precise orientation of the crystal, which is closely connected with the production of coherent radiation, is discussed on the basis of these formulas.
The production of coherent bremsstrahlung (BS) and pair production (PP) from a monocrystal target has been investigated by various authors theoretically 1-5 and experimentally 6_10 . For special orientations of the electron beam with respect to the crystal lattice one obtains photons with a high degree of linear polarization and a spectrum with a number of quasi-monochromatic lines, which is strongly enhanced in intensity as compared to the values obtained with a normal target. Both these features are significant for photoproduction experiments at high energies. In view of an expanding application of this technique in several high energy laboratories it seemed useful to collect numerical data concerning intensity distribution and polarization effects of BS and PP in crystals, and plot it in a universally useful form, covering a wide range of energies and angular orientations. This has been done here for the case of a diamond crystal. The coherent effects -usually called ÜBERALL-DIAMBRINI effect after the two most important contributions to this problem -also provide means of finding the correct orientation of the crystal, which is a very important requirement for the application. This technique is described.
Geometrical and Kinematical Definitions
We consider an electron or photon beam with momentum p0 or fc0, energy E0 or k0, striking a [110] (PP) and [001] , [110] . This choice of orientation is, of course, arbitrary but fixed for the information presented in this paper. The primary beam shall have no divergence, and the target thickness shall be small to the extent that multiple scattering of the electrons is negligible. Also we assume the diamond to have a perfect lattice. These idealized conditions can be fulfilled to a good approximation in experimental practice.
The momentum space for the two processes The recoil momenta <Jf of the nuclei are restricted to a very thin disc-shaped region perpendicular to p0 or k0, called "pancake" by UBERALL, the lower and sharp boundary being a distance d away from the origin. <5 is the minimum momentum transfer to the nucleus, in units of M c. For BS
where M equals the electron mass, and x = k/E0 is the relative quantum energy. In the case of pair production the minimum momentum transfer is given by
where y = E + /k0 is the relative energy of one particle in the pair.
The upper boundary of this kinematical region is not sharp, but the thickness of the disc is roughly S. Contributions to the cross section of the processes in question come from points inside this region only. For a crystal these are the discrete manifold of inverse lattice vectors which represent the lattice planes of the actual crystal. If 0 is small this region intersects the plane b2 > perpendicular to bt in an area of thickness d/0 at the same distance from the origin. This situation is illustrated in Fig. 1 , shaded area, where the plane b2 , b3 of the reciprocal lattice is shown, as well as the projection of p0 into this plane and the discrete reciprocal lattice points, each being the endpoint of a vector g with components g2 , g3 in this plane, where
and a = 922 is the edge of the fundamental cube of the diamond in units of XJ2 JI, XC being the COMPTON wave length of the electron. The definition of (n2, n3) is given in Fig. 1 . These indices are choosen for convenience here. It should be noted that the proper MILLER indices in the plane n1 = 0 are the triplet (re3, h3, n2). Inverse lattice planes with g1 ={= 0 are not considered, because they give negligible contributions with the assumption of 0 being small. The reciprocal lattice points have weights j S | 2 = 32 for the points and | 51 2 = 64 for the circles in Fig. 1 .
Cross Sections for Bremsstrahlung and Pair Production

Formulas for coherent bremsstrahlung
The BS intensity integrated over all emission angles is given by 7
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where N is the number of atoms in the crystal, 5 = (Z 2 /137) (e 2 /M c 2 ) = 2.09 • 10" 26 cm 2 for carbon. The functions ytigfö) show very little variation with d 3 in the region of interest where S is very small and are assumed to be constant. At d = 0:
Vi.2(0) have been calculated from the appropriate integral given in 3 but using scattering factors published by CROMER and WABER 11 . Also the contributions of the electrons, assumed to be incoherent and therefore calculated after WHEELER and LAMB 12 , are included in (5). These constants form the incoherent part of the intensity, which is due to thermal lattice vibrations:
The incoherent contribution (6) is represented in Fig. 2 g 2 -C{g 2 ) for carbon is plotted in Fig. 3 . The sum (g) in (7) is to be taken of those reciprocal lattice vectors only which satisfy the condition
The polarization is linear and is defined as the differ- 
Formulas for coherent pair production
The cross section for coherent PP in a diamond crystal, as taken from 13 , is given by
where y is defined in connection with Eq. (2) and ¥4,2, are given by (5) and (7), keeping in mind that c5 is now defined by (2).
In the place of the polarization P for BS we define for PP the asymmetry ratio R, following 13 , as: J(y,k0,6,a) Jand Jnn represent the differential PP cross sections resulting from photons completely polarized perpendicular and parallel, respectively, to the plane II defined in the foregoing paragraph, but with p 0 replaced by .
Universal representation
If we express <3 in Eq. (7) by Eq. (1), then the function xp1 can be written in the following form:
Similarly, we can write Eq. (9), the limit of summation, as:
/1 r \ S g2 cos a + g3 sin a .
(15) 6 E0 1-xThis shows that t^i is proportional to E0 , and that it can be written as a function of a, x and 0 E0 . The same applies to and .
Therefore the intensity, Eq. (4), can be split into an incoherent part /' (x), Eq. (6), which depends on x only, and a coherent part I c {x, 0EO, a) , which is proportional to E0 and depends on x, 0 E0, and a, so as to yield a universal representation for 7:
(BS) (16) The same is true for the polarization P as given by Eq. (10):
) -2 (l-*)-g o-P(*.®£o» a »y) .
P = Vs/E o-(17)
Further, expressing <5 in Eq. (7) by Eq. (2) an analogous dependence results for PP, Eqs. (12) and (13) take the general form:
Because of this general behaviour, the functions I, P, J, R can be presented as diagrams, which are useful for the experimental application of the UBERALL-DIAMBRINI effect.
Intensity of Bremsstrahlung as a Function of X
First we deal with the two significant cases a =--0°
and 90°, where the pancake intersection is parallel to b3 and b2 respectively.
Case a = 0 °
In this case inequality (15) reduces to
The coherent spectrum is rather well determined by its intensity steps at the discontinuities, for which the equality sign in Eq. (20) Xd as a function of J^Q is plotted in Fig. 4 . At the discontinuities the intensity (16) depends only on , because of relation (21). It is a double valued function of , which we denote by u = upper value and 1 -lower value:
/"-/»(:rd) +£0/ cu (xd,0),
zj/ = /u_/i =E0AI c (xd,0).
The universal functions 7 cl (xd, 0) and, for convenience of representation, the intensity step It is possible to construct from these curves a coherent spectrum for any given situation, as the following example will illustrate.
Example: Let the electron energy available be E0 = 2 GeV. We want the first peak of the spectrum to lie at 600 MeV, so that n2 = 1, xd = 0.3. Fig. 4 gives 0EO = 16 and therefore (9 = 8 mrad. From the same plot we derive the discontinuity positions for = 3, 4, 5, 7. The auxiliary data necessary to evaluate the spectrum are given in Table 1 . The first line contains the discontinuity numbers n2 . The next line lists the values xd from 
Case a = 90°
For the position of discontinuities we now find from Eq. (15) rrj is plotted in Fig. 7 against 0 E0 for a = 90°. The intensity functions 7 cl and AI C are plotted in Fig. 8 in units of GeV -1 . With the aid of Figs. 7 and 8 the spectrum for a = 90° is constructed in the same manner as has been described for a = 0°. with 0 in mrad, E0 in GeV. Fig. 9 gives as a function of 0 E0 sin a for the most important inverse lattice point 0.2).
The intensity steps AI C are now determined by single inverse lattice points because -as a is neither 0° nor 90° -with increasing x in general only single points are lost from the pancake instead of rows of points. From Eq. (7) and (4) we find the relation for an intensity step at the discontinuity , which does not depend on a:
| 5 | 2 e~A gl C (g 2 ) (n2 2 + 2 n 2 ).
As g 2 C(g 2 ) e~A ,J~ is a function which is strongly peaked around the origin of the reciprocal lattice space, the intensity steps are large for points in the vicinity of the origin, like (0,2), (1,1), (4,0), (4,2), (3,1), (1,3). AI C is plotted for the most important inverse lattice point (0,2) in Fig. 10 . In addition Fig. 10 shows the lower intensity 7 cl for some values of a. 
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Integrated Intensity of Bremsstrahlung
In order to obtain the total intensity from a coherent spectrum we have to integrate Eq. (4) 
The incoherent contribution can be derived from Eq. (6) :
o In order to understand the procedure of integration for the coherent part we first imagine that the reciprocal lattice plane b.,, b3 contains only one g so that the sum in Eq. (7) can be omitted. Expressing d then by Eq. (1) we find for the total intensity arising from the point g: Under each of the three integrals the condition (9) holds. This means -following Eq. (15) and (26) 
/ \ 2 tf E0(g2 cos a+g3 sin ot) /
Therefore the upper limit of the integral has to be replaced by xd . In the actual reciprocal lattice plane we now have to sum up all these individual contributions, so that the result is an interchange of summation and integration: If a is chosen such that reciprocal lattice points lie on the lower boundary xd = 0 of the pancake, then these points appear symmetric with respect to the origin. For an exact result the summation in (32), however, includes only half of these points. This can be seen from the asymptotic behaviour if we change a by ± zla. An equivalent argument arises from the fact that the lower pancake boundary is not really a plane but is slightly curved; therefore the symmetry argument actually is not valid. Also, at a first glance, the sum of Eq. (32) appears to approach infinity for x ->• 0. However, by expanding ln(l -Xd) and x&j (1 -xd) one can show that
The coherent part of the total intensity is plotted in Fig. 11 as a function of © E0 and a in polar coordinates with the parameter in GeV -1 . Fig. 12 shows 7T c versus © E0 for a = 0°, 90°. The integrated intensity as a function of E0, © and a is derived from these plots in connection with Eq. (28) and (29). 
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Intensity of Bremsstrahlung as a Function of ©
For the alignment of the crystal with respect to the electron beam it is necessary to measure the intensity as a function of ©, with E0 and x fixed. This distribution may be constructed like the spectra with the aid of Figs. 2, 4, 5, 7, 8 for a = 0° or 90°, whichever case applies. The position of the discontinuities, which we call ©^ now, are taken from Fig. 4 or 7, and the coherent intensity steps from Fig. 5  or 8 , which are then combined after Eq. (16) to give the intensity distribution I(x,E0,©E0, a), which is symmetric in ©. This, however, is not the quantity actually measured because, using a pair spectrometer, the coherent ^-ray serves at the same time as a monitor of the counts. The observed quantity is therefore rather: where the total intensity is taken from Fig. 11 or 12.
Polarization of Bremsstrahlung in the First Peak
The polarization is the most significant property of the coherent BS. Its energy dependence resembles that of the intensity, but it is large only at the first peak of the spectrum, i. e., at the lowest discontinuity in energy. Only this maximum polarization is represented here.
Let xx be the position of the first discontinuity, P* the polarization at this peak. The polarization is then given in accordance with Eq. (17) 
Pair Production for y = 1/2
Electron pair production by photons is studied in a pair spectrometer. We restrict ourselves here to the case where the observed particles have equal energies, y = 1/2. This means that we are only interested in how the cross section for PP is dependent on the angular orientation of the crystal.
According to Eqs. (9), (2) the position of discontinuities @d are then given by
M c 2
The cross section at the discontinuities, resulting from Eq. (18), is represented by the steps:
For the incoherent part of (38) one finds from Eqs.
(12) and (5):
The asymmetry ratio (19) is now, for y = 1/2:
Eqs. (38) and (40) can be presented in tabular form, which is done for a = 0° (Table 2 ) and a = 90° (Table 3) . As in the case of BS intensity, it is possible with these tables to construct the © dependence of the cross section and the asymmetry ratio for PP from the discontinuity values for any value of k0 . The coherent PP is in its discontinuous behaviour very similar to the coherent BS. There is one striking difference however, in that the incoherent contribution for PP is very much higher in comparison to the coherent part for comparable energies. The asymmetry ratio is largest for y = 1/2. It can be used to analyse polarized photons of high energies 13 .
Only the peak n2 = 1 for a = 0 is of significance in this respect. For a =£= 0 and large © but with reciprocal lattice point (0,2) included in the pancakein complete analogy to the case treated in paragraph 3.3 for BS -one obtains about the same asymmetry ratio, and even a somewhat higher one for energies above 10 GeV. There is an advantage over the case a = 0° with regard to the magnitude of R u , which is due to the fact that for a = 0°, R n is sensitive to errors in both angles 0 an a resulting in a reduction from the theoretical value because the peak, originating from a row of lattice points, disintegrates. If, however, R n originates from the single lattice point (0,2), such a disintegration is not possible.
Methods of Crystal Alignment
For the application of the methods described below it is necessary that the position of the axis b1 is known -for instance from X-ray crystallography -within, say, 20 mrad, so that the crystal can be mounted in the goniometer with b1 roughly parallel to p0(fc0). The precise orientation must be measured in the goniometer itself because an accuracy in the order of 0.1 mrad is required.
We consider the diamond mounted in a goniometer framework which has two axes of rotation f2 , The following discussion describes how <Z>2°, and m may be measured by using the angular dependence of either BS or PP.
Orientation by means of bremsstrahlung
The position ($2°, <£3°) of the axis b1 can be found by observing the total intensity, for instance with a quantameter, as a function of and . It follows from Figs. 11 and 12 in connection with Eq. (28) that the total intensity has a strong peak, proportional to E0, as 0 approaches zero.
The transverse axes b2, b3 are perpendicular to each other. Therefore it is sufficient to determine one point on one of these axes in addition to (^2°, 03°). In practice, of course, one would measure several points. If we assume that b2 , b3 are roughly known with respect to their position then we can consider them as mounted nearly parallel to f3 , f2, respectively. The BS intensity is now measured at large 0 -const as a function of a, which is varied across one of these axes keeping E0 and x fixed. The intensity thus observed is characterised by two sharp discontinuities which are due to the pairs of inverse lattice points (0,2), (0,2) or (4,0), (4,0); each pair lies symmetric to b2 or b3 , respectively.
Even if nothing were known about the position of the transverse axes one could find the orientation by observing the pattern of discontinuities which is given in Fig. 14 = 1,
where 0 is measured in mrad, A in mrad -1 . For convenience of notation we now assume that <Z>2, 3 = 0 and m = 0, which means that the crystal is ideally mounted in the goniometer. It is obvious that <Z>2 , <?3 are the projections of 0 onto the axes b2 , b3:
The equation of discontinuities can thus be expressed in the coordinate system of the goniometer in the simple form 
Eq. (44) shows that each discontinuity from the reciprocal lattice point (n2, n3) is represented by a line in the diagram A <I>.2, A , these lines are drawn in Fig. 14 for n2 j ^ 7 and rta ! < 5. A cross point marks a discontinuity which is caused by a row of points, as in the cases a = 0°, 90°. The discontinuity steps descend towards the origin of the diagram. Each line is determined by its values on the axes b2, b3 namely l/n2, l/n3l/2. The orientation is now found by observing the coherent photon intensity going along at least two lines for instance <P2 = const, <P3 = const, in the diagram <P2 »
• Crossing the discontinuity lines (44) causes characteristic intensity jumps which have to be compared with the pattern of Fig. 14 , after the coordinates have been normalized by the factor A.
The step height measured and given by Eq. (27) can also be used to identifiy the discontinuity, although with BS it is usually smaller than the theoretical value due to averaging effects, particularly for small 0. In this case one has also to take into account the dependence on total intensity, cf. paragraph 5.
Orientation by means of pair production
A photon beam is now incident on the diamond crystal and is converted into electron pairs which are detected at equal energies, ?/ = l/2, and at a well defined photon energy h0 . A total intensity effect cannot be used in this case. However, the method of comparison of discontinuities in cross section with the pattern of An advantage in studying PP lies in the fact that averaging effects are less critical than for BS because -as an inspection of Eqs. (1) and (2) shows -the minimum momentum transfer for PP, y = 1/2, is always larger than that /or BS at the same energy. The ratio is already 4 at x = 0.5 and rises quickly for lower x. Thus for the same discontinuity the angle 0 is larger by the same ratio, as shown by Eq. (9). Moreover multiple scattering of the incident particles does not occur; therefore the reciprocal lattice points which contribute to the intensity are well defined by the primary direction. As a consequence the cross section for PP is less sensitive against errors in angle, so that the step heights for PP are a rather precise tool for the identification of the line. AJ C = / cu -/ cl , defined in Eq. Table 4 . PP, y = 1/2 .
The Influence of Experimental Imperfections
It is beyond the scope of this paper to discuss quantitatively the various influences on the spectra due to experimental imperfections. We want to give a rough and qualitative idea only of possible deviations from the assumptions made in paragraph 1 and of their influence on the data presented for idealised conditions in the subsequent paragraphs. The primary energy scattering can be made so small that their influence can be neglected. Four effects will remain which tend to smear out the discontinuities and reduce the height of the peaks, particularly for small angles 0. These are: primary divergence of the beam, multiple scattering in the crystal, mosaic structure of the crystal lattice, and mechanical vibrations of the target.
For BS the effects from multiple scattering and divergence are reduced by collimation up to the degree where the natural angular distribution M c 2 /E0 is dominant. There is experimental evidence from the measurements reported in ref. 9 that the mosaic spread is certainly smaller than 0.1 mrad if the diamond is cut from a well-grown octahedral crystal. Vibrations, although they are likely to occur, can be avoided by careful design of the support. It must be noted that the reduction in intensity does not only result from the uncertainty of orientation in A© I© but also and even stronger from the azimuthal error Aa^A©/© connected with A©.
The PP is less sensitive to these imperfections because the angles involved are larger by a factor of at least four if equal energies k0, E0 are compared. In addition, multiple scattering of the incident particles does not occur, and the primary divergence can be reduced by collimation of the photon beam to a very low value. Therefore experimental results for coherent PP can be expected to agree with the data presented here to within a few percent, the slopes at the discontinuities being smaller than 0.1 mrad.
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